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Abstract
I consider the giant gravitons in AdS5  S5, and construct the instanton
solution describing the tunneling between the giant graviton in the AdS5 and
the one in the S5. It is proven that this solution breaks the supersymme-
try completely. The value of the Euclidean action for this solution is also
estimated.
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Stable extended brane congurations in spaces of the type AdSm  Sn, called giant
gravitons [1{5], are interesting in connection with the AdS=CFT correspondences [6]. It
was suggested [1] that they might provide a mechanism to realize the so-called \stringy
exclusion principle" [7]. According to this principle, which is shown in the conformal eld
theory side, there is an upper bound to the weight of a chiral primary state. For the
duality between the supergravity on AdS space and the boundary conformal eld theory
to hold, we should be able to see this in the gravity side too, weight being mapped to
the angular momentum in Sn. In fact, a spherical D or M(n-2)-brane embedded in the
Sn part of AdSm  Sn was considered in ref. [1], which has the same quantum numbers
as a point-like Kaluza-Klein excitation. It was shown that the size of this conguration
grows with the angular momentum. Since the angular momentum is now bounded by the
radius of Sn, this seemed to provide a natural explanation for the stringy exclusion principle.
However, a puzzle remained since there are also a point-like state, and a stable extended
brane embedded in AdSm space [2,3], called ‘(dual) giant graviton’, which are degenerate
with the giant graviton in Sn. Obviously, they do not have any upper bound on the angular
momentum. One possible way out of this puzzle was suggested in ref. [2]. It was suggested
that due to the quantum tunneling, the degeneracy of these states might get lifted, and there
might be no supersymmetric state when the angular momentum exceeds the upper bound.
In this light it is interesting to study instanton solutions connecting these congurations,
which might break supersymmetry via the tunneling eect. In fact, the instantons describing
the tunneling between a giant graviton and the point-like graviton were found in analytic
form for both AdS5 and S
5 cases [2{4]. The values of the Euclidean action for these solutions
were obtained, and their SUSY properties were investigated. It was found that they are 1
4
BPS states [3], whereas the giant gravitons and the point-like one are all 1
2
BPS states.
It would be interesting to construct an instanton solution between the two types of giant
gravitons, and do similar investigations. We do this for the case of AdS5  S5. This is the
simplest case to work on with the test brane formalism, since the dimensionalities of the
initial and the nal branes are the same. We could not obtain an analytic solution, so the
solution was constructed by numerical simutation. However, it was possible to prove that
this solution breaks the supersymmetry(SUSY) completely. Also, the numerical solution
is good enough to estimate the value of the Euclidean action. Remarkabley, it is just the
summation of those for the two kinds of instantons already found.
To begin with, we consider a D5 brane living in AdS5 S5 space, whose metric is of the
form,
ds2 = ds2AdS + ds
2
S (1)
with
ds2AdS = − cosh2 dt2 + L2d2 + L2 sinh2 (d21 + sin2 1(d22 + sin22d23)) (2)
and
ds2S = L
2 cos2 d2 + L2d2 + L2 sin2 (d21 + sin
2 1(d
2
2 + sin
2
2d
2
3)); (3)
L being the scale of the AdS5 and S
5. We note that the AdS and S part of the metric
looks almost the same, with a change of signature, and the correspondences t$ ,  $ ,
2
i $ i. Therefore it is convenient to take an ordering convention where  comes before
, in contrast to the usual convention in the literature. We consider the IIB supergravity
theory such that spinors  satisfy
Γ11  γγ5 =  (4)
where
γ  ΓtΓrΓ1Γ2Γ3
γ5  ΓΓΓ1Γ2Γ3 (5)
The gauge eld components in the orthonormal frame is given by
Ft^r^^1^2^3 = F^^^1^2^3 = −
4
L
: (6)
and the corresponding gauge elds in the coordinate basis are
At12a3 = L
3 sinh4  sin2 1 sin2
A123 = L
3 sin4  sin2 1 sin2: (7)
We now consider the worldvolume action of the D5-brane embedded in this background,
which is given by:
S = T
∫
d
3∏
i=1
di(−
p−g + AM1M2M3;M4
@XM1
@
@XM2
@1
@XM3
@2
@XM4
@3
) (8)
where g is the determinant of the induced metric on the world-volume,
gij =
@XM
@xi
@XN
@xj
GMN (9)
with GMN being the background metric, X
M the coordinates on AdS5  S5, (; i) the
coordinates on the world-volume, and T the tension of the brane. We set the world-volume
gauge eld and the fermions to zero, which is a consistent ansatz when we consider a classical
solution, since they appear in the action from the quadratic order.
We consider a conguration where the coordinates of the D5 brane have components
both in AdS5 and S
5, and projections to AdS5 and S
5 both have the spherical topology.
Then it is convenient to use the gauge where we set
i = i = i
t = : (10)
The giant gravitons embedded in either AdS5 or S
5 are special cases of the more generic
conguration being considered here, corresponding to (; i) = 0 and (; i) = 0 respec-
tively. Again, we note that we can consistently set @
@i
, @
@i
, and @
@i
to zero, since they are
at least of quadratic order. After angular integrations, we get the Lagrangian:
3
L = −N
L
√
cosh2  − L2 _2 − L2 _2 − L2 _2 cos2 (sinh2  + sin2 )3=2 + N
L
sinh4  +N _ sin4 :
(11)
where we set T = N
22L
using background flux quantization condition. N is an integer
corresponding to the number ofD3 branes which are the sources of the backgound spacetime.
We obtain the canonical momenta in usual way,
P  @L
@ _
=
NL _(sinh2  + sin2 )3=2√
cosh2  − L2 _2 − L2 _2 − L2 _2 cos2 
P  @L
@ _
=
NL _(sinh2  + sin2 )3=2√
cosh2  − L2 _2 − L2 _2 − L2 _2 cos2 
P  @L
@ _
=
NL _ cos2 (sinh2  + sin2 )3=2√
cosh2  − L2 _2 − L2 _2 − L2 _2 cos2 
+N sin4 : (12)
We see that since the Lagrangian has no  dependence, p is a conserved quantity. The
Hamiltonian is obtained by the Legendre transformation,
H =
N
L
cosh 
√
(sinh2  + sin2 )3 + p2 + p
2
 +
(p − sin4 )2
cos2 
− N
L
sinh4 : (13)
where p  P
N
for all the coordinates. Setting the conserved quantity p to a c-number,
the problem reduces to a two dimensional relativistic classical mechanics. The instanton
solution is obtained by continuing pr, p to imaginary values. The potential is dened by
V (; )  H(p = p = 0): (14)
The particle with energy E moves only in the region V (; ) < E, and the contour V = E is
the set of turning points. By continuing to the Euclidian time, the allowed region becomes
V (; ) > E, just as in the case of non-relativistic mechanics. The equal-height contour
of the potential is depicted for several values of p in Fig.1. There are three hills of −V
corresponding to the zero-sized brane at the origin, and the two kinds of giant gravitons
at (; ) = (sin−1
p
p; 0) and (; ) = (0; sinh
−1pp). Although it is quite obvious there
would be a solution rolling from one of the hill to another, by giving the particle appropriate
initial conditions, it is interesting to see explicitly that there is such a solution, which is
unique. We could construct the solution only numerically. The evolution was done using
the 4-th order Runge-Kutta methods, in the Java programming language. We note that for
the potential hills corresponding to the giant gravitons, we have:
@2V
@2
=
@2V
@2
= 2:
@2V
@@
= 0: (15)
This tells us that the instanton near one of these hills is described the equations:
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FIG. 1. (a) The equipotential contours and the instanton trajectory for p = 0.1. The horizon-
tal and vertical axis are θ and β, respectively. The contours are drawn for the potential dierences
V = 0.0005. The regions θ < 0 or β < 0 are redundant, but drawn for the sake of clarity. (b) The
equipotential contours and the instanton trajectory for V = 0.05 and p = 0.9. (c) θ coordinate
as a function of time, plotted for the instanton from AdS5 brane to S5 brane, for p = 0.5. (d) β
coordinate as a function of time, for the same instanton.
_ = 2
_ = 2 (16)
in the Euclidean time, where the  and  are the perturbation around the potential
hill. The dierent signs correspond to choosing either instanton or anti-instanton, whose
directions of movement are opposite. Using this fact, we gave the initial condition 2 =
_ = 0:00002, 2 = _ = −0:00002j with some number j, in order to ensure that the particle
starts from the potential hill at t! −1. Various dierent initial directions were tried and
tuned in order that the particle hits the other hill at the nal stage. Typical trajectories for
our instanton solution is depicted for several values of p, in Fig.1. As shown in the gure,
one has to shoot the particle almost toward the origin in order to get the right result.
Next we investigate the SUSY property of this solution. The SUSY properties of the
instantons between the giant gravitons and the point particle were investigated in ref. [3]
and it was shown they preserve 1
4
SUSY. We prove that our new instanton breaks the SUSY
completely. The supersymmetry preserved by the background space-time is determined by
the killing spinor , which satises the follwing equation,
 M = DM− i
1920
ΓM
PQRSTFPQRST  = 0 (17)
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where  M is the SUSY transformation of the gravitino of the type IIB supergravity. By
putting a D-brane on this background1, these supersymmetries will be broken for generic
cases, but if we can nd  such that
Γ = ; (18)
2 where
Γ = − i
5
"i1i5@i1X
M1   @i5XM5 (19)
then the SUSY determined by this killing spinor is still preserved. We show that there is no
such killing spinor .
To ellaborate on this, let us consider the killing spinor equation (17), which can be
written as
DM− i
4
(Γtr123 + Γ123)ΓM = 0 (20)
for our case. The solution to this equation is [8]:
 = e
i
2
γ5Γθe
i
2
γ5Γφe
1
2
1Γθχ1e
1
2
2Γχ1χ2e
1
2
3Γχ2χ3e
i
2
γΓβe−
it
2L
γΓte
1
2
1Γβα1e
1
2
2Γα1α2e
1
2
3Γα2α3 (21)
We also have
Γ = − i(− cosh Γ
t + L _ cos Γ + L _Γ + L _Γ)√
cosh2  − L2 cos2  _2 − L2 _2 − L2 _2(sinh2  + sin2 ) 32
3∏
i=1
(sin Γi + sinh Γi)
(22)
for our case.
We then substitute the instanton solution into Eq.(18). In fact, the only information we
need is Eq.(16). Since Eq.(18) should hold at every point in the worldwheet, it is enough
to show that there is no  satisfying Eq.(18) near the potential hill. (On the other hand, to
show a certain amount of SUSY is preserved, we need to consider the exact solution.)
We now use (16), (21),(22), and substitute into the equation (18). After some manipu-
lation, we get:
(1 + Γt)0 = 0
(1− γ5Γ)0 = 0
(Γii − Γ)0 = 0 (23)
1We consider only the D-brane with vanishing worldvolume gauge elds
2The equation Γ = − is not being considered here because already for the giant gravitons, one
can easily show there is no such . It is a statement of the simple fact that the background gauge
eld prefers a particular orientation of the brane, so that the tension and the electromagnetic force
cancel each other.
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It is easy to see that these conditions are inconsistent with Eq.(4). Therefore our solution
breaks the supersymmetry completely.
Next we estimate the dierence of the Euclidean action between our solution and the
giant gravitons, denoted by S. The exponential of this quantity gives the size of the non-
perturbative eect due to this instanton in the semiclassical limit. It is given by:
S =
N
L
∫
dt[
( L
N
V (; ) + sinh4 )2
p + sinh
4 
− p − sinh4 ] (24)
For the instantons between the giant gravitons and the point particle, the expression above
is [2{4]:
SAdS5→0
S5→0
=
N
2
((1 p) ln(1 p) p) (25)
for the AdS5 and S
5 giant gravitons, respectively. Note that our particle moves very close to
the potential hill at the origin(Fig.1) and bounces toward the hill of the nal state. Therefore
we can guess that S for our solution can be approximated by the summation of SAdS5!0
and SS5!0. We evaluated the integral (24) numerically for our solution and we found that
indeed
SS5!AdS5 ’
N
2
((1 + p) ln(1 + p)− p) + N
2
((1− p) ln(1− p) + p) (26)
with deviation
S
S
< 0:01 (27)
for most ranges of p
3.
To understand the supersymmetry breaking eects of the instantons, we have to consider
the fermionic zero modes. It is a well known fact that they suppress tunneling. However, it
doe not mean the instanton eects are zero, because there are cancellations between bosonic
and fermionic zero modes [9].
The model which is quite analogous to our case is the supersymmetric quantum mechanics
in one dimension [10{12]. It could be shown that due to tunnelings, the SUSY is broken for
the double well potential and preserved for the triple well [10,12]. This is the scenario we
hope to be realized in our case, since there are three potential wells for p  1, and only
two for p > 1, when the S
5 brane disappears.
Of course there are crucial dierences. We are now dealing with a two dimensional po-
tential instead of one dimension, and there are instantons connecting all pairs of degenerate
3Since the numerical solution is not exact, after the particle reaches the nal hill, it eventually
falls o again. For given p, we gave ranges of initial conditions so that the particle either bounces
back or get over the hill. As we numerically integrate Eq.(24), it reaches some values when particle
reaches the hill and do not change for a while. We took this value at the \plateau", and obtained
the result (27). It was checked for p = 0.05 to 0.95 with p =0.05.
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states. Therefore is it not that straightforward to see whether the scenario above is indeed
realized. To study this issue one needs to examine the zero modes near the instantons more
closely, and see whether fermionic zero mode suppress a particular tunnling process, or can-
cel with the bosonic zero modes. Along with the construction of instantons in AdS4S7 or
AdS7  S4, this interesting issue is left for the future work.
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